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We study necessary and sufficient conditions for the existence of n irreducible morphisms
in the bounded derived category of an Artin algebra, with non-zero composite in the n+1-
power of the radical. In the case of Db(H), the bounded derived category of an Ext-finite
hereditary k-category with tilting object, such irreducible morphisms exist if and only ifH
is derived equivalent to a wild hereditary algebra or to a wild canonical algebra. We also
characterize the cluster tilted algebras having such irreducible morphisms.
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1. Introduction
M. Auslander and I. Reiten introduced the notions of irreduciblemorphisms and almost split sequences in the category of
finitely generated modules over an Artin algebra, mod Λ, and they proved the existence of such sequences. These concepts
are very successful and many authors work with these ideas in a more general context, starting what it is now called the
Auslander–Reiten theory.
Passing from categories of modules to their derived categories, some analogies have been noticed. First, in the 1980s,
D. Happel introduced the notion of Auslander–Reiten triangles for the derived category of bounded complexes over mod Λ,
Db(mod Λ) (see [15]). Later, H. Krause generalized this idea to compactly generated triangulated categories (see [18]).
Recently, some authors have studied Auslander–Reiten theory in certain subcategories of complexes. Namely, in the case
where A is the category of finitely generated projective Λ-modules (Λ an Artin algebra) we know that CJ(A) has almost
split sequences. Moreover, in those works they show the relationship between the concepts of irreducible morphism and
almost split sequences in CJ(A) and the analogous concepts in the bounded derived category, Db(mod Λ) (see [4,3]).
The existence of irreducible morphisms is not trivial in general, but we know that the existence of almost split sequences
provides a wealth of irreducible morphisms. It is not difficult to see that an irreducible morphism f : X → Y belongs to the
radical ℜ(X, Y ) but not to its square. In [7], we find a study of when the composite of two irreducible morphisms between
indecomposable modules is a non-zero morphism in the third power of the radical,ℜ3. In [8], the authors deal with a more
general situation for the composite of n irreducible morphisms, with n greater to or equal to two.
In this work, we generalize those results from mod Λ to the bounded derived category, Db(mod Λ). Our approach
relies on the known study for modules and the relation between Auslander–Reiten triangles in Db(mod Λ) and almost split
sequences in certain categories of complexes.
We find several interesting consequences in the context of hereditary categories and also in the cluster tilted case.
Actually, we considerH a connected abelian hereditary Ext-finite k-category (k is an algebraically closed field) with tilting
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object. These classes of hereditary categories led us to the concept of quasitilted algebras which were introduced in [16].
These algebras are of the form EndH (T)op,where T is a tilting object inH and generalize the classes of tilted and canonical
algebras, as well as containing other classes of algebras. It is known thatH is derived equivalent to mod H (with H a finite
dimensional hereditary algebra) or to coh X for some weighted projective line (see [13, 3.1]).
Because of the simple description of the corresponding bounded derived category Db(H) it is possible to give a
description of these in the same derived equivalence class (see [23]).
For these sorts of derived categories, we study conditions under which the composite of two irreducible morphisms
between indecomposable modules is a non-zeromorphism in the third power of the radical. We show that these conditions
hold if and only if the corresponding condition for the composite of n irreducible morphisms is true and it is also equivalent
to the fact that the associated quasitilted algebra is wild.
An analogous result for the category of modules over a cluster tilted algebra holds. Recall that from the derived category
Db(mod H)we can get the cluster category C as a certain orbit category. Then C is a triangulated category with Auslander–
Reiten triangles. The endomorphism algebra of a tilting object in C is called a cluster tilted algebra (see [5]).
The paper is organized as follows. After preliminaries, we start by proving in Section 3 our result for the categories of
complexes CJ(proj Λ). These lay the ground for the main result (see Theorem 3.3).
We end this section showing a generalization of this result for the composite of n irreducible morphisms, with n greater
to or equal to two.
In Section 4, we focus our attention on the bounded derived category of an Ext-finite hereditary k-category with tilting
object, Db(H). The main result of this section is given in Theorem 4.3.
The final section is devoted to studying necessary and sufficient conditions for the existence of n irreducible morphisms
between indecomposable objects with non-zero composite in ℜn+1, for cluster tilted algebras. The cluster category was
introduced in [6] as a quotient of the bounded derived category of the finitely generated modules over a finite dimensional
hereditary algebra. It is natural to consider the endomorphism algebras of tilting objects. Such algebras are called cluster
tilted, and have been the subject of recent studies.
This paper was written while the second author was visiting the first and the third authors at Universidad Nacional de
Mar del Plata, with partial support of a.d.u.m. UNMdP. The first author gratefully acknowledges partial support from Spain’s
MEC and E.U.’s FEDER research project MTM2005-05754 and she would like to express her gratitude to María José for her
warm hospitality in A Coruña. The authors would like to thank Raymundo Bautista for useful discussions. We also thank
Isabel Pratti for some remarks about written expressions. The third author is a researcher from CONICET, Argentina.
2. Preliminaries
LetA be an additive R-category, R a commutative artinian ring.
2.1. Complexes of fixed size
In the category of chain complexes, C(A), we consider the class E of composable morphisms X
f→ Y g→ Z such that
for all n ∈ Z, the sequence 0 → Xn f n→ Y n gn→ Zn → 0 is split exact. Sequences in E are called conflations or short exact
sequences and it is known that (C(A), E) is an exact category (see [10], for instance).
We consider Cn(A) the full subcategory of C(A) whose objects are those complexes X such that X i = 0 if i /∈
{m, . . . , n − 1, n}. We write Cn(A) = C[1,n](A) and En = E[1,n], the class of composable morphisms in Cn(A) which
are in E .Wewill use some results on Cn(A)which can be found in [4], and they can be easily generalized for CJ(A),where
J = [m, n], for n,m ∈ Z andm ≤ n.
In particular, if A = ModΛ with Λ an Artin algebra, we consider CJ(ProjΛ) the full subcategory of C(ModΛ).
This subcategory is closed under extensions. Then, (CJ(ProjΛ), EJ) is an exact category with EJ the class of composable
morphisms in CJ(ProjΛ) belonging to E .
Now, forM ∈ Awe consider the following complexes:
• Ji(M) = (J s, ds)with J s = 0 if s ≠ i, s ≠ i+ 1, J i = J i+1 = M , di = idM ;• S(M) = (X i, di)i∈Z with X i = 0 for i ≠ m, Xm = M , di = 0;• T (M) = (Y i, di)i∈Z with Y i = 0 for i ≠ n, Y n = M , di = 0.
The objects T (M), Ji(N) for i = m, . . . , n− 1 are EJ -projective in CJ(A) and the objects S(M), Ji(N) for i = m, . . . , n− 1 are
EJ -injective in CJ(A) (see [4]).
Remark 2.1. We recall that the category C≤n(A) is the full subcategory of C(A)whose objects are those X ∈ C(A) such that
X i = 0 for i > n. Similarly, C≥m(A) is the full subcategory of C(A) whose objects are those X ∈ C(A) such that X i = 0 for
i < m.
We have the functors FJ : C(A) → CJ(A) given as follows. For X ∈ C(A), we put FJ(X) = (X iJ , di)i∈Z with X iJ = X i for
i ∈ J , X iJ = 0 for i /∈ J and diX = diXJ , for i ∈ J. For a morphism f : X → Y in C(A) we put FJ(f ) = (f iJ )i∈Z with f iJ = f i, for
i ∈ J. Clearly, if X f→ Y g→ Z is a conflation in C(A) then its image under FJ is a conflation too.
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Observe that the functors FJ induce functors F : C≤n(A) → CJ(A) and F : C≥m(A) → CJ(A) sending conflations into
EJ -conflations.
In [4], LJ is introduced, which is the full subcategory of K(ProjΛ) whose objects are those X ∈ C≤n(ProjΛ) with
H j(X) = 0, for j ≤ m, and the following results are proved.
Lemma 2.2. Let X ∈ C≤n(ProjΛ) and Y ∈ LJ . Then the functor
F : HomC(ProjΛ)(X, Y )→ HomCJ(ProjΛ)(FJ(X), FJ(Y ))
is an epimorphism.
We denote by CJ(ProjΛ) the category with the same objects as CJ(ProjΛ) and such that the morphisms in CJ(ProjΛ) are
modulo the ones which factor through an EJ -injective.
Corollary 2.3. The functor FJ induces an equivalence between the categoriesLJ and CJ(ProjΛ).
Proposition 2.4. For each X ∈ CJ(ProjΛ) there is a unique (up to isomorphism) X0 without EJ -injective (respectively, projective)
direct summands such that X ∼= X0 ⊕ H with H an EJ -injective (respectively, projective) object.
As a consequence of the above proposition, we get the following lemma.
Lemma 2.5. Suppose X, Y ∈ CJ(ProjΛ) have no EJ -injective direct summands and X ∼= Y in CJ(ProjΛ), then X ∼= Y in
CJ(ProjΛ).
2.2. Auslander–Reiten sequences
We recall the notion of almost split (or Auslander–Reiten) sequences introduced by Auslander and Reiten in the early
1970s.
Definition 2.6. Assume thatA has an exact structure E .
A non-split exact sequence 0 → X f−→ Y g−→ Z → 0 is an almost split sequence provided: (i) X and Z are
indecomposable objects; (ii) for each h:M −→ Z which is not a split epimorphism, there exists h′:M −→ Y such that
gh′ = h; and (ii’) for each h: X −→ M which is not a split monomorphism, there exists h′: Y −→ M such that h′f = h.
We recall the following definition and theorem due to Happel (see [15], [16]).
Definition 2.7. In K−,b(A), the triangle
X
u→ Y v→ Z w→ X[1]
is an Auslander–Reiten triangle if
(1) X, Z are indecomposable andw ≠ 0;
(2) if f : W → Z is not a retraction, thenwf = 0.
Theorem 2.8. Let Z ∈ K−,b(projΛ) be an indecomposable object. There is an Auslander–Reiten triangle
X→Y → Z→X[1]
if and only if Z ∈ Kb(projΛ).
The proof of the next theorem is implicit in [4].
Theorem 2.9. The following conditions are equivalent.
(a) In Db(modΛ), there is, up to isomorphisms, an Auslander–Reiten triangle
X
u→ Y v→ Z w→ X[1].
(b) For each J = [m, n] such that Z ∈ CJ(projΛ) and Zm = Zn = 0,
XJ → YJ → Z
is an almost split sequence in CJ(projΛ).
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2.3. Irreducible morphisms
We collect the following well known notions and facts that we will need later. In [1], the results are proven in the case
ofA = modΛ. Observe that analogous results hold for the exact categories CJ(projΛ) since we can adapt the same proofs
as in the category of finitely generated modules over an Artin algebra.
Definition 2.10. A morphism f : X −→ Y , with X, Y ∈ A, is called irreducible provided it does not split and whenever
f = gh, then either h is a split monomorphism or g is a split epimorphism.
Closely connected with the study of irreducible morphisms is the notion of radicals.
Let X and Y be inA.We denote byℜ(X, Y ) the radical of Hom(X, Y ), that is, the set of all the morphism f : X −→ Y such
that hfg is not an isomorphism for any g: Z −→ X and for any h: Y −→ Z with Z an indecomposable object.
Inductively, for a natural number nwe denote the powers of the radical byℜn(X, Y ), that is, the set of all the morphisms
f : X −→ Y such that f = hg for an objectW ∈ A, g ∈ ℜ(X,W ), and h ∈ ℜn−1(W , Y ).
Assume that X = ⊕i=si=1Xj and Y = ⊕i=ti=1Yj are decompositions of X and Y into sums of indecomposable objects Xi and Yj,
respectively. A morphism f : X −→ Y belongs to ℜn(X, Y ) if and only if βjf αi ∈ ℜn(Xi, Yj), for all inclusions αi : Xi −→ X
and all projections βj : Y −→ Yj.
Finally, we denote byℜ∞(X, Y ) the intersection of all the powersℜi(X, Y ), i ≥ 1 ofℜ(X, Y ).
We have the following useful results and their dual.
Proposition 2.11. Assume Y is an indecomposable object inA. Then f : X −→ Y is an irreducible morphism if and only if there
exists some morphism g:W −→ Y such that the induced morphism (f , g): X ⊕ W −→ Y is a minimal right almost split
morphism.
Proposition 2.12. Let X and Y be indecomposable objects in A. Then f : X −→ Y is an irreducible morphism if and only if
f ∈ ℜ(X, Y )\ℜ2(X, Y ).
We also have the following description of the morphisms inℜn(X, Y ) for n ≥ 2 by using irreducible morphisms.
Proposition 2.13. Let X and Y be indecomposable objects inA and let f ∈ ℜn(X, Y ), for n ≥ 2.
(i) There exist a natural number s ≥ 1, indecomposable objects Y1, . . . , Ys, morphisms fi ∈ ℜ(X, Yi) and morphisms
gi : Yi −→ Y with each gi a sum of composites of n − 1 irreducible morphisms between indecomposable objects such
that f =∑si=1 gifi.
(ii) If f ∈ ℜn(X, Y )\ℜn+1(X, Y ) then at least one of the fi in (i) is irreducible and f = u+ v where u is not zero and is a sum of
composites of n irreducible morphisms between indecomposable objects and v ∈ ℜn+1(X, Y ).
We shall introduce the notion of degree of an irreducible morphism in A. This was first studied in a module category
(see [21]).
Definition 2.14. Let f : X −→ Y be an irreducible morphism with X, Y ∈ A. We say that f has infinite left degree,
dl(f ) = ∞, if for each positive integer n, for each object M ∈ A and each morphism ϕ ∈ ℜn(M, X)\ℜn+1(M, X) we
have that f ϕ /∈ ℜn+2(M, Y ). Otherwise, the left degree is the smallest integerm, such that there are an objectM ∈ A and a
morphism ϕ ∈ ℜm(M, X)\ℜm+1(M, X)with f ϕ ∈ ℜm+2(M, Y ).
The proofs of the following results for CJ(projΛ) are similar to those in [21, 1.2], [21, 1.12] and [20, Appendix, Theorem
13.3], we shall omit them.
Proposition 2.15. Let f : Y → Z be an irreducible morphism with Z an indecomposable object inA. If f has finite left degree, if
0→ X (f ,g)→ Y ⊕ Y ′ (h,t)T→ Z → 0 is an almost split sequence inA = Cn(projΛ) with Y ′ ≠ 0, then dl(g) < dl(h).
Theorem 2.16. Let X1
f1−→ X2 f2−→ · · · Xn fn−→ Xn+1 be a sectional path inA. Then fn . . . f1 ∈ ℜn(X1, Xn+1)\ℜn+1(X1, Xn+1).
3. Main result
Using some ideas from [7, Theorem 2.2] we prove a similar result for the category CJ(projΛ), whereΛ is an Artin algebra.
We assume J = [a, b]with b− a >= 2. First, we will start proving the following lemma.
Lemma 3.1. LetΛ be an Artin algebra and X, Y , Z be indecomposable objects in Cn(projΛ). If there are irreducible morphisms
h: X −→ Y and h′: Y −→ Z in Cn(projΛ) such that the composite h′h is a non-zero morphism in ℜ3(X, Z), then Z is not an
En-projective.
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Proof. Assume that Z is an En-projective. The idea of this proof is to show that under our assumption X is an indecomposable
En-injective and this fact will lead us to a contradiction.
Since Z is an En-projective, by [4, Proposition 8.5 and 8.7], there is aminimal right almost splitmorphismρ(P) : R(P) −→
Z and aminimal left almost split morphism λ(P) : Z −→ L(P) in Cn(projΛ) for some indecomposable projectiveΛ-module
P.
We analyze the minimal right almost split morphism ρ(P) : R(P) −→ Z .
Suppose that Z = Jj(P)with 1 ≤ j < n and P an indecomposable projectiveΛ-module. Consider the minimal projective
resolution of SP = P/radP
· · · d−3−→ R−2 d−2−→ R−1 d−1−→ R0 = P −→ SP .
Take R = (Rt , dtR) with Rt = 0 if t > 0. Then R(P) = F[1,n](R[−j − 1]), ρj(P)i = 0, for i ≠ j, i ≠ j + 1, ρj(P)j = d−1R and
ρj(P)j+1 = idP .
If Z = T (P) for P a non-simple indecomposable projective Λ-module, we take R = (Rt , dtR) with Rt = 0 if t ≥ 0,
· · · d−3−→ R−2 d−2−→ R−1 −→ radP a minimal projective resolution and we consider R(P) = F[1,n](R[−n − 1]). The minimal
right almost split morphism in Cn(projΛ) is ρ(P) : R(P) −→ T (P)with ρ(P)i = 0, for i ≠ n, and ρ(P)n = d−1R .
Then, in any case we have an exact sequence in Cn(modΛ)
0 −→ X1 l−→ Y = R(P) h
′−→ Z .
Observe that X1 is a complex in Cn(modΛ)with zero homologies, except for the first one, which we will denote it by H .
Then, in the derived category we can identify X1 with the shift of the module H.
On the other hand, the complex X1 admits a Cn(projΛ)-approximation, v : W −→ X1 (see [4] p. 152). We will show
that X is an indecomposable En-injective direct summand of W . First, we prove that W is a direct sum of indecomposable
En-injective complexes,W = S(N)⊕⊕n−1i=1 Ji(M i).
In order to compute the approximation, we consider a quasi-isomorphism q : Q −→ X1 with Q ∈ C≤n(projΛ) and the
morphism F(q) : F(Q ) −→ X1. Then,
v = (F(q), ψ) : F(Q )⊕⊕n−1i=1 Ji(M i) −→ X1
is a right Cn(projΛ)-approximation, whereM i is the projective cover of X i1.
To compute Q we have into account that X1 has all its homologies being zero except for the first one.
In the case Z = Jj(P) with j ≠ n, it is enough to consider the projective resolution of H = ker d−jR , that is, the exact
sequence
· · · −→ R−j−2 −→ R−j−1 −→ 0 −→ 0 · · · .
Then, F(Q ) is the complex
F(Q ) : R−j−1 −→ 0 −→ 0 · · ·
in Cn(projΛ). In case Z = T (P), we consider H = ker d−nR and
F(Q ) : R−n−1 −→ 0 −→ 0 · · · .
Note that F(Q ) is an indecomposable En-injective complex of the form S(N).
Now, we will concentrate on proving that X is a direct summand of W . Since h′h ∈ ℜ3(X, Z), there is a morphism
a ∈ ℜ2(X, Y ) such that h′h = h′a. Then h′(h− a) = 0 and we infer that a− h factors through X1. Using that v : W −→ X1
is a right Cn(projΛ)-approximation, there exists g : X −→ W in Cn(projΛ) such that a − h = lvg.We observe that lv is
not an isomorphism since l is a proper monomorphism.
If g ∈ ℜ(X,W ), then h = a − lvg ∈ ℜ2(X, Y ), a contradiction to the fact that h is irreducible. Therefore, g is a section
and X a direct summand ofW .
Observe that we are assuming that there is a non-zero morphism from X to Z , then X ≠ S(N) and if X = Ji(M i) then
Z ≠ T (P).
Finally, because of the shape of theminimal almost split morphismswe have that if X = Ji(M i) and h′h : Ji(M i) −→ Jt(P)
is a non-zero morphism then i = t. Observe that the composite of any irreducible morphism t : Ji(M i) → X ′ and
T ′ : X ′ → Ji(P) is non-zero. This lead us to the contradiction that there is a zero morphism h′(a − h) from Ji(M i) to Ji(P)
which is a composite of irreducible morphisms. 
Remark 3.2. We observe that the above result is still true if we consider an interval J = [a, b]with b− a ≥ 2.
Next, we are going to generalize the result proven in [7, Theorem 2.2] to the category CJ(projΛ) forΛ an Artin algebra.
Theorem 3.3. LetΛ be an Artin algebra and X, Y , Z indecomposable in CJ(projΛ).
The following conditions are equivalent.
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(a) There are irreducible morphisms h: X −→ Y and h′: Y −→ Z in CJ(projΛ) such that the composite h′h is a non-zero
morphism inℜ3(X, Z) (and h′h does not factor through an En-projective).
(b) There exist an almost split sequence 0−→X f−→ Y g−→ Z −→ 0 and non-isomorphisms ϕ1: X −→ N and ϕ2:N −→ Z
such that N is indecomposable in CJ(projΛ), N ≠ Y , and ϕ2ϕ1 ≠ 0 (and ϕ2ϕ1 does not factor through an En-projective).
(c) There exist an almost split sequence 0−→X f−→ Y g−→ Z −→ 0 and a morphism ϕ ∈ ℜ2(Y , Y ) such that gϕf ≠ 0 (and
gϕf does not factor through an En-projective).
(d) There exist an almost split sequence 0−→X f−→ Y g−→ Z −→ 0 and 0 ≠ ϕ ∈ ℜ4(X, Z) (and ϕ does not factor through an
En-projective).
In the case where Λ is a finite dimensional algebra over an algebraically closed field, the above conditions are equivalent to
the following.
(e) There exist an almost split sequence 0 −→ X f−→ Y g−→ Z −→ 0 in CJ(projΛ) and 0 ≠ ϕ ∈ ℜ(X, Z) (and ϕ does not
factor through an En-projective).
Proof. We prove (a) implies (b) for the case J = [1, n].
Let h: X −→ Y and h′: Y −→ Z be irreducible morphisms. We can complete h′ to a minimal right almost split morphism
(h′, h′′) : Y ⊕ Y ′ −→ Z . By the above lemma, we know that Z is not an En-projective. Then, by [4], we have an almost split
sequence in Cn(projΛ) as follows:
τCn(projΛ)Z
(l′,l′′)T−→ Y ⊕ Y ′ (h′,h′′)−→ Z . (1)
Now, h′h = (h′, h′′)(h, 0)T . Since h′h ∈ ℜ3(X, Z), there is a morphism (a, b)T ∈ ℜ2(X, Y ⊕ Y ′) such that h′h =
(h′, h′′)(a, b)T . We infer that (a − h, b)T factors through X1. This means that there is a morphism g ′ : X −→ X1 such
that (l′, l′′)Tg ′ = (a − h, b)T . If g ′ ∈ ℜ(X, X1), then h = a − l′g ′ ∈ ℜ2(X, Y ⊕ Y ′), a contradiction to the fact that h is
irreducible. Therefore, g ′ is an isomorphism and X ≃ X1.
On the other hand, as h′h ∈ ℜ3(X, Z), we have that h′ has left degree one. If there is an almost split sequence as in (1) and
with Y ′ non-zero then since the left degree of h′ is one we get to a contradiction, by Proposition 2.15, that the left degree
of l′′ is zero. Then in (1), Y ′ = 0. Moreover, since h′h ∈ ℜ3(X, Z), then the path X −→ Y −→ Z is not sectional (see [20,
Appendix]). Then X ≃ τCn(projΛ)Z and we have an almost split sequence in Cn(projΛ) as follows:
X ≃ τCn(projΛ)Z f−→ Y h
′−→ Z .
Now, since ℜ3(X, Z) ≠ 0 (and h′h does not factor through an En-projective), using [1, V. Proposition 7.4], there exists a
path
X
f1−→ W1 f2−→ W2 u−→ Z
between indecomposable objects in Cn(projΛ), where f1, f2 are irreducible morphisms, u ∈ ℜ(W2, Z), and uf2f1 ≠ 0 (and
uf2f1 does not factor through an En-projective).
Note that if f1 is irreducible, this implies that it is not a section. Then there is a morphism α such that αf = f1. The
irreducibility of f1 leads to the fact that α /∈ ℜ and thereforeW1 ∼= Y . Choosing N = W2, ϕ1 = f2f1 and ϕ2 = uwe have the
desired result. Observe thatW1 ∼= Y and soW2 can not be isomorphic to Y because Cn(projΛ) has no loops (see [3]).
Since the proofs of all the other implications are almost identical to those in [7, Theorem 2.2], we shall omit them. 
Now, we are in position to prove the main result of this section, for the bounded derived category of an Artin algebra.
Theorem 3.4. Let Λ be an Artin algebra and X, Y , Z indecomposable complexes in C−,b(projΛ). The following conditions are
equivalent in K−,b(projΛ).
(a) There are irreduciblemorphisms h: X −→ Y and h′: Y −→ Z such that the composite h′h is a non-zeromorphism inℜ3(X, Z).
(b) There exist an Auslander–Reiten triangle X
f−→ Y g−→ Z → X[1] and non-isomorphisms ϕ1: X −→ N and ϕ2:N −→ Z
with N an indecomposable object, N ≠ Y , and ϕ2ϕ1 ≠ 0.
(c) There exist an Auslander–Reiten triangle X
f−→ Y g−→ Z → X[1] and a morphism ϕ ∈ ℜ2(Y , Y ) such that gϕf ≠ 0.
(d) There exist an Auslander–Reiten triangle X
f−→ Y g−→ Z → X[1] and 0 ≠ ϕ ∈ ℜ4(X, Z).
In the case where Λ is a finite dimensional algebra over an algebraically closed field, the above conditions are equivalent to
the following.
(e) There exist an Auslander–Reiten triangle X
f−→ Y g−→ Z → X[1] andℜ(X, Z) ≠ 0.
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Proof. We only prove that (a) implies (b) since the other implications follow using the same techniques as were used to
prove the results for the module category and the results from Cn(projΛ).
Consider an interval J = [a, b] such that X, Y , Z ∈ LJ . First note that if X, Y , Z are indecomposable objects in
C−,b(projΛ), this implies that X, Y , Z are indecomposable in K−,b(projΛ). Thus, they are also indecomposable inLJ .
By [4], the categoryLJ is equivalent to the category CJ(projΛ).
Now, since the complexes X, Y , Z have no E-injective direct summands in LJ , then XJ , YJ , ZJ have no EJ -injective direct
summands in CJ(projΛ). In fact, if there exists a section S(M) −→ XJ , then there is a morphism u : M −→ Xa such that
dau = 0, but kerda = Imda−1. The fact that M ∈ projΛ implies the existence of v : M −→ Xa−1 and the E-injective
complex Ja−1(M) is a direct summand of X in contradiction to the hypothesis. Therefore, we conclude that XJ , YJ , ZJ are
indecomposable in CJ(projΛ) if and only if they are indecomposable in CJ(projΛ).
Note that if we fix J as above, then for all intervals I containing J we have the same result.
By [3], hI : XI −→ YI and h′I : YI −→ ZI are irreducible morphisms in CI(projΛ).Moreover, h′h ≠ 0 in K−,b(projΛ) if
and only if it is a non-zero morphism in LI and equivalently in CI(projΛ). Then, it is a non-zero morphism in CI(projΛ).
Finally, observe that amorphism X
t−→ W orW t−→ Z is an isomorphism inK−,b(projΛ) if and only if it is an isomorphism
inLI and equivalently in CI(projΛ). Then it is an isomorphism in CI(projΛ) because the complexes have no injective direct
summands.
Using Theorem 3.3, we infer that for all intervals I containing J, there exists an almost split sequence XI −→ YI −→ ZI
in CI(projΛ).
Claim: Z is compact. In fact, if Z is unbounded, then there exists an interval I containing J with ZI ≠ ZJ . Then, we have
the almost split sequence
XI
fI−→ YI gI−→ ZI
in CI(projΛ), a monomorphism u : ZJ −→ ZI which is not a retraction, and a morphism t such that gI t = u. This is not
possible since the almost split sequence
XJ
fJ−→ YJ gJ−→ ZJ
in CJ(projΛ) does not split. Then we can assume that Z = ZJ = ZI .Moreover, we can assume that Zb = 0 = Za (otherwise,
we choose I as a larger interval than J). Now, by [4, Proposition 9.5], we know that there is an Auslander–Reiten triangle
X −→ Y −→ Z −→ X[1] in K−,b(projΛ). By Theorem 3.3, there are non-isomorphisms ϕ1: XI −→ N and ϕ2:N −→ ZI
with N an indecomposable object in CI(projΛ), N ≠ YI , and ϕ2ϕ1 ≠ 0 (and ϕ2ϕ1 does not factor through an EI-projective).
Now, consider N ′ ∈ LI such that N ′I = N by adding a projective resolution of ker d1N . Using Lemma 2.2, we get a diagram
X
ϕ′1−→ N ′ ϕ
′
2−→ Z . Observe that, for i = 1, 2, ϕ′i is not an isomorphism because otherwise ϕ′i would be an isomorphism in
CI(projΛ) and therefore in CI(projΛ) from the fact that N is indecomposable and Lemma 2.5. Finally, note that ϕ′2ϕ
′
1 ≠ 0
in K−,b(projΛ) since ϕ2ϕ1 does not factor through an EI-projective in CI(projΛ). 
3.1. Consider now a composition g = fn · · · f1 : X0 → Xn of n ≥ 2 irreducible morphisms such that g ≠ 0. By [20], it is
known that if they form a sectional path then g ∈ ℜn(X0, Xn)\ℜn+1(X0, Xn).Moreover, Liu generalized such a result, proving
that for each pre-sectional path of length n, there are irreducible morphisms lying on it with a composite inℜn\ℜn+1.
We recall the following definition from [8]. Let X1 → X2 → · · · → Xn → Xn+1 be a non-sectional path of
irreducible morphisms of length n ≥ 2, in the Auslander–Reiten quiver. We say it is a left almost sectional path provided
X1 → X2 → · · · → Xn is sectional.
LetX → Y → Z → X[1] be anAuslander–Reiten triangle.Wedenote byα(X) the number of indecomposable summands
of Y .
With similar arguments to those we used in Theorem 3.4, we show the following result which is the analog of
[7, Theorem 2.2].
Theorem 3.5. Let X1 → X2 → · · · → Xn → Xn+1 be a left almost sectional path, where α(Xi) ≤ 2 for i = 1, . . . , n + 1 and
Xn+1 not isomorphic to Xi for i = 1, . . . , n− 3. Then, the following conditions are equivalent in K−,b(projΛ).
(a) There are n irreduciblemorphisms hj : Xj −→ Xj+1 such that the composite is a non-zeromorphismand belongs toℜn+1(X, Z).
(b) There exist a zero path X1
h1−→ X2 f2−→ · · · Xn fn−→ Xn+1 in ΓK−,b(projΛ), an indecomposable object M ≠ Xn and morphisms
ϕ1: X1 −→ M and ϕ2:M −→ Xn+1 such that ϕ2ϕ1 ≠ 0, ϕ1 ∈ ℜn(X1,M) and ϕ2 ∈ ℜ(M, Xn+1).
(c) There exist a zero path X1
h1−→ X2 f2−→ · · · Xn fn−→ Xn+1 in ΓK−,b(projΛ), an indecomposable object M ≠ Xn and morphisms
ϕ1: X1 −→ M and ϕ2:M −→ Xn+1 such that ϕ2ϕ1 ≠ 0, ϕ1 ∈ ℜn(X1,M) and ϕ2 ∈ ℜ(M, Xn+1).
(d) There exist a zero path X1
h1−→ X2 f2−→ · · · Xn fn−→ Xn+1 in ΓK−,b(projΛ) and a non-isomorphism φn: Xn −→ Xn such that
fnφnfn−1 · · · h1 ≠ 0.
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In the case where Λ is a finite dimensional algebra over an algebraically closed field, the above conditions are equivalent to
the following.
(e) There exist a zero path X1
h1−→ X2 f2−→ · · · Xn fn−→ Xn+1 in ΓK−,b(projΛ) andℜ(X1, Xn+1) ≠ 0.
Proof. First note that for each interval J we have the CJ(projΛ) version of [8, Theorem 5.3] and the proof can be adapted
from there.
Now, consider an interval J = [a, b] such that Xi ∈ LJ . By [4],LJ is equivalent to CJ(projΛ) and we can assume that all
(Xi)J have no EJ -injective direct summands, for 1 ≤ i ≤ n+ 1.
With similar arguments to the ones we used in Theorem 3.4 we show that all complexes Xi are compact andwe conclude
using the correspondence between Auslander–Reiten theory in the categories CJ(projΛ) and K−,b(projΛ) (see 2.9). 
4. The hereditary case
We denote by H a connected abelian hereditary Ext-finite k-category with tilting object. Note that H is derived
equivalent to the category mod Λ, with Λ a hereditary or a canonical algebra. Moreover, if H has non-zero projective
objects then it is equivalent to mod H , with H a hereditary algebra (see [14,12]).
The aim of this section is to find necessary and sufficient conditions for the existence of an Auslander–Reiten triangle
X
f−→ Y g−→ Z → X[1] and a non-zero morphism ϕ ∈ ℜ(X, Z) in Db(H). This problem is equivalent to the one of finding
n irreducible morphisms between indecomposable objects with non-zero composite inℜn+1.
First, we are going to characterize the quasitilted algebras EndH (T)op having such irreducible morphisms. Then we lift
the result to the derived category Db(H).
4.1. Let H be a hereditary algebra and T a tilting module. By the Brenner–Butler theorem T induces two torsion pairs,
(TT ,FT ) in mod H and (XT ,YT ) in mod B, where B = EndH(T).Moreover, we can identify TT with YT and FT withXT up
to equivalences. We will denote TT = T and FT = F .
We will start proving this useful result.
Lemma 4.1. LetΛ = EndH(T) be a wild tilted algebra. Then there exist infinitely many components Γ of ΓΛ of type ZA∞ and,
for each n ≥ 2, there exist irreducible morphisms in a left almost sectional path h1 : X1 → X2, . . . , hn : Xn → Xn+1, where
Xi ∈ Γ for 1 ≤ i ≤ n + 1, X1 is a quasi simple module, hn−1 . . . h1 /∈ ℜn(X1, Xn), hn . . . h2 /∈ ℜn(X2, Xn+1) and hn . . . h1 is a
non-zero morphism inℜn+1(X1, Xn+1). Moreover, if T is postprojective then all Xi ∈ YT .
Proof. By [19, 3.1], there exist infinitely many components Γ of ΓH of type ZA∞ containing a quasi simple module X such
that ℜ(X, τ−nX) ≠ 0, for each positive integer n.With the same arguments as were used in the proof of [7, Theorem 4.4],
and [8, Proposition 4.2], it can be proved that there exist infinitely components of typeZA∞ inΓΛ, containing a quasi simple
module X such thatℜ(X, τ−nX) ≠ 0, for each positive integer n.
Now, fix Γ a component with this property. Consider the wing starting in X and ending at τ−nX . Let
X = X1 → X2 → X3→· · ·→Xn−1 → Xn
and
Xn → Xn+1 = τ−1Xn−1 → τ−2Xn−2→· · ·→τ−n+1X2 → τ−nX1
be the paths in the borders of the wing due to the ray starting in X1 and to the coray ending at τ−nX1, respectively. Since
ℜ(X, τ−nX) ≠ 0, then by [8, Proposition 4.2], for each n ≥ 2, there exist irreducible morphisms h1 : X1 → X2, . . . , hn :
Xn → Xn+1,where hn . . . h1 is a non-zero morphism inℜn+1(X1, Xn+1).
Moreover, by construction Xi ∈ Γ for 1 ≤ i ≤ n + 1, X1 is a quasi simple module, hn−1 . . . h1 /∈ ℜn(X1, Xn) and
hn . . . h2 /∈ ℜn(X2, Xn+1).
On the other hand, if T is postprojective, with similar arguments to the ones in the proof of [7, Theorem 4.4], we have
that all Xi ∈ YT . 
4.2. We recall some results and notation about tilting theory in hereditary categories that we will need later.
Recall thatH = H∞ ∪H0, whereH∞ consists of the objects of infinite length andH0 of the objects of finite length. The
objects ofH∞ are called a bundle.
An object T is said to be a tilting object inH, if Ext1H (T , T ) = 0 and Ext1H (T , X) = 0 = HomH (T , X) implies X = 0.
We have an equivalence of derived categories, given by the functor RHom(T ,−) from Db(H) to Db(modΛ) with
Λ = EndH (T)op. The heart of the t-structure in Db(H) induced by the tilting T is an abelian category equivalent to modΛ,
under the functorHomH (T ,−) andwe can identifymodΛwithT ∪F [1] intoDb(H). It is known thatH is derived equivalent
to modH (with H a finite dimensional hereditary algebra) or to cohX for someweighted projective line (see [13, 3.1]). In the
case that k is an algebraically closed field, the derived equivalence classes of cohX (for some weighted projective line) and
the canonical algebras coincide (see [11]).
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If the heartHT is not modH (with H a finite dimensional hereditary algebra) and has a simple object, we can choose a
split tilting T ′ inH and instead ofHT wewill consider the heart of this split tilting torsion pair,H ′T . In fact, if (TT ,FT ) is the
torsion pair induced by the tilting T , then T ′ = H∞ ∪ (T ∩H0) and F ′ = F ∩H0 gives a split tilting torsion pair inH . Its
heart is the hereditary categoryH ′T = F ′[1] ∪ T ′.
In the case that cohX (for some weighted projective line) is equivalent toH ′T , there is a bundle tilting objectM in cohX
such thatΣ = EndH ′T (M)op is a canonical algebra. The finite dimensional k-algebraΣ is called concealed-canonical.
As a consequence of the above comments we get the following proposition.
Proposition 4.2. Let B be a quasitilted algebra. The following conditions are equivalent.
(a) There are irreducible morphisms h: X −→ Y and h′: Y −→ Z such that their composite h′h is a non-zero morphism in
ℜ3(X, Z), where X, Y , Z are indecomposable B-modules.
(b) B is wild.
(c) For each n ≥ 2, there exist irreducible morphisms h1 : X1 → X2, . . . , hn : Xn → Xn+1, where Xi are indecomposable
B-modules for 1 ≤ i ≤ n + 1, such that hn−1 . . . h1 /∈ ℜn(X1, Xn), hn . . . h2 /∈ ℜn(X2, Xn+1) and hn . . . h1 is a non-zero
morphism inℜn+1(X1, Xn+1).
(d) There exist infinitely many components Γ of ΓB of type ZA∞ and, for each n ≥ 2, there exist irreducible morphisms in a left
almost sectional path h1 : X1 → X2, . . . , hn : Xn → Xn+1, where Xi ∈ Γ for 1 ≤ i ≤ n + 1, X1 is a quasi simple module,
hn−1 . . . h1 /∈ ℜn(X1, Xn), hn . . . h2 /∈ ℜn(X2, Xn+1) and hn . . . h1 is a non-zero morphism inℜn+1(X1, Xn+1).
Proof. If B is a tilted algebra then by [7, Theorem 4.4], we know that there are irreducible morphisms X h−→ Y h′−→ Z
between indecomposable modules with non-zero composite inℜ3(X, Z) if and only if B is wild. By Lemma 4.1 we have that
(b) implies (d). Since (d) implies (c) and (c) implies (a) are trivial, then we get the equivalence in this case.
Then we can assume that B is quasitilted, not tilted, of canonical type. It is known that if a canonical algebra is not wild
then it is tame concealed or tame tubular. In any case, the components of the Auslander–Reiten quiver ΓB are directed
components, standard stable tubes or the result of inserted or coinserted standard tubes. This is not possible if (a) holds
(see [7]). Then we have (a) implies (b).
(b) implies (d). Assume that B = EndHT and take T = T ′ ⊕ T ′′ with T ′′ ∈ H0 and T ′ a bundle. DenoteΣ ′ = EndHT ′. By
[24, Theorem 8.3.1], we know that there are T1, and TP a (T1)⊥-postprojective, such that T ′ = TP ⊕ T1.Moreover, (T1)⊥ is
equivalent to the module category of a connected wild hereditary algebra H. Consequently, there is a postprojective tilting
module in mod H ,TP , such that modEndHTP is equivalent to modEndHTP . Note that EndHTP is a wild tilted algebra.
By [22, Theorem 5.8], it is known that mod+Σ (which corresponds under the tilting equivalence with the postprojective
objects in the torsion of the tilting) coincides with mod+Σ ′. By [22, Proposition 5.4] and [24, Corollary 8.4.4], the
postprojective components ofΣ ′ are contained in mod+Σ ′ and any other component, not postprojective, is of type ZA∞.
Moreover, the postprojective component of the algebra EndHTP coincides with the only postprojective component of the
Auslander–Reiten quiver for Σ ′. By [24, Corollary 8.4.5], the non-postprojective components in mod+Σ ′ correspond with
the regular components in mod+EndHTP .
Then we can conclude using Lemma 4.1.
(d) implies (c) and (c) implies (a) straightforward. 
Now, we are in position to prove the main result of this section.
Theorem 4.3. LetH be a connected abelian hereditary Ext-finite k-category, with a tilting object. The following conditions are
equivalent.
(a) There are irreducible morphisms h: X −→ Y and h′: Y −→ Z such that their composite h′h is a non-zero morphism in
ℜ3(X, Z), where X, Y , Z are indecomposable complexes in Db(H).
(b) Db(H) ≃ Db(mod C) for C wild canonical algebra or Db(H) ≃ Db(modH) for H wild hereditary algebra.
(c) For each n ≥ 2, there exist irreducible morphisms h1 : X1 → X2, . . . , hn : Xn → Xn+1, where Xi are indecomposable
complexes in Db(H) for 1 ≤ i ≤ n + 1, and such that hn−1 . . . h1 ∈ ℜn−1(X1, Xn)\ℜn(X1, Xn), hn . . . h2 ∈
ℜn−1(X2, Xn+1)\ℜn(X2, Xn+1) and hn . . . h1 is a non-zero morphism inℜn+1(X1, Xn+1).
(d) There exist infinitely many components Γ of ΓDb(H) of type ZA∞ and, for each n ≥ 2, there exist irreducible morphisms in
a left almost sectional path h1 : X1 → X2, . . . , hn : Xn → Xn+1, where Xi ∈ Γ for 1 ≤ i ≤ n + 1, X1 is quasi simple
and such that hn−1 . . . h1 ∈ ℜn−1(X1, Xn)\ℜn(X1, Xn), hn . . . h2 ∈ ℜn−1(X2, Xn+1)\ℜn(X2, Xn+1) and hn . . . h1 is a non-zero
morphism inℜn+1(X1, Xn+1).
Proof. (a) implies (b). Assume thatDb(H) ≃ Db(mod C)where C is tame canonical or tame hereditary. Then the Auslander–
Reiten components of ΓC are either directed, or a standard tube or a semiregular component obtained by ray or coray
insertions on stable tubes. By [7, Corollary 2.3, Corollary 2.11] and [9] we know that that there are not two irreducible
morphisms h and h′ between indecomposable modules such that 0 ≠ h′h ∈ ℜ3. Since ΓDb(mod C) has the same type of
components as ΓC then it follows that there are not two irreducible morphisms between indecomposable objects with the
property mentioned above.
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(b) implies (a). Let C = EndH (T ) be a canonical or a hereditary algebra such thatDb(H) ≃ Db(mod C). By Proposition 4.2,
if C is wild it implies that there are an almost split sequence 0 → X f−→ E g−→ τ−1X → 0 with E an indecomposable
object and a morphism ϕ ∈ ℜ2(E, E) such that gϕf ≠ 0 and belonging to a regular component Γ of ΓC . Then applying the
tilting equivalence we get an almost split sequence 0 → X f−→ E g−→ τ−1X → 0 with E an indecomposable object and a
morphism ϕ ∈ ℜ2H (E, E) such that gϕf ≠ 0 in a component ofH∞.
If C is a wild algebra, with the same arguments as we used above and applying Lemma 4.1 we can consider the
corresponding almost split sequence in the component ZA∞ of a tilted algebra EndH(TP)with TP a bundle object. Moreover,
by Lemma 4.1 we also know that the indecomposable objects X, E and τ−1X are in the torsion. Then they have projective
dimension less than 1.
In order to lift the almost split sequence to an Auslander–Reiten triangle in Db(mod C) it remains to prove that idX ≤ 1
(see [12] , I, 4.7). In the case that C is a hereditary algebra it is clear. Then we will analyze the canonical case.
By [5.4, [12]], the indecomposable injective C-modules are in correspondence with the objects τTi[1], under the tilting
equivalence and T = ⊕Ti, where Ti are indecomposable summands of the tilting T .
Then we have
Ext1H (⊕Ti, τ−1H X) = HomDb(H)(⊕Ti, τ−1H X[1])= HomDb(H)(τH (⊕Ti), X[1])= HomDb(H)(⊕τHTi[1], X[2])= HomDb(C)(⊕Ii, X[2])
= Ext2C (⊕Ii, X).
From these equalities and the fact that τ−1H X ∈ T we deduce that idX ≤ 1. Then there exists an Auslander–Reiten
X → E → τ−1X → X[1] in Db(mod C).
On the other hand,ℜDb(mod C)(X, τ−1X) = ℜC (X, τ−1X) ≠ 0 because X, τ−1X ∈ mod C .We conclude using Theorem 3.4.
(d) implies (c) and (c) implies (a) are trivial.
(b) implies (d). By Lemma 4.1 we know that there exist infinitely many components Γ of ΓΛ of type ZA∞ and, for each
n ≥ 2, there exist irreducible morphisms in a left almost sectional path h1 : X1 → X2, . . . , hn : Xn → Xn+1, where Xi ∈ Γ
for 1 ≤ i ≤ n + 1, X1 is a quasi simple module. Moreover, hn−1 . . . h1 /∈ ℜn(X1, Xn), hn . . . h2 /∈ ℜn(X2, Xn+1) and hn . . . h1
is a non-zero morphism in ℜn+1(X1, Xn+1). We observe that Γ is contained in TT and that the Auslander–Reiten triangles
X1 → X2 → τ−1X1 → X1[1] and Xi → Xi+1⊕ Xi−1 → τ−1Xi → Xi[1] for i = 2, . . . , n− 1 are such that τ−1Xi ∈ TT .With a
similar argument to the one used for (b) implies (a) we can deduce that idXi ≤ 1 for each i = 1, . . . , n−1 and therefore each
almost split sequence lifts to an Auslander–Reiten triangle. Then we have the morphisms with the desired property. 
Remark 4.4. Observe that Theorem 4.3 holds for any triangulated category D triangulated equivalent to Db(H)whereH is
a connected abelian hereditary k-category with a tilting object.
Example 4.1. Let k be an algebraically closed field and let A be a finite dimensional elementary (the simple modules are one
dimensional) k-algebra with radical squared zero. Denote by Q its ordinary quiver that we assume gradable. By [2, Corollary
4.7] we know that Db(modA) is derived equivalent to Db(modH), for some finite dimensional hereditary k-algebra H .
As an immediate consequence of Theorem 4.3 and [2, Theorem 5.2] we give the following example.
There are irreducible morphisms h: X −→ Y and h′: Y −→ Z such that their composite h′h is a non-zero morphism in
ℜ3(X, Z), where X, Y , Z are indecomposable complexes in Db(modA) if and only if H is a wild hereditary k-algebra if and
only if A is derived wild.
5. Cluster tilted algebras
5.1. In this section, we denote by H a hereditary algebra over an algebraically closed field k, F = τ−1[1] and C =
Db(modH)/F the cluster category. The category C = Db(modH)/F is a triangulated category where the triangles are the
ones induced by the triangles of Db(modH) (see [17]).
A tilting object in C is an object T such that Ext1C(T , T ) = 0 and T is maximal with this property. The algebraΛ = EndCT
is said to be a cluster tilted algebra.
Lemma 5.1. LetΛ = EndCT be a cluster tilted algebra. Then, H is wild if and only ifΛ is wild.
Proof. If H is wild hereditary, there are infinite components of type ZA∞ in ΓH .Moreover, there are infinite components of
type ZA∞ in ΓC, because C = modH ∪ (proj H)[1]. Therefore, we infer that there are infinite components of type ZA∞ in
ΓC/add τT . Finally, the result follows applying the equivalence stated in [5], C/add τT ≃ modΛ.
The converse follows inverting the previous steps. 
Next, we state necessary and sufficient conditions over a cluster tilted algebra for the existence of n irreducible
morphisms with non-zero composite inℜn+1.
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Theorem 5.2. LetΛ be a cluster tilted algebra. The following conditions are equivalent.
(a) There are irreduciblemorphisms h : X −→ Y and h′ : Y −→ Z between indecomposable objects inΛ such that their composite
h′h is a non-zero morphism inℜ3(X, Z).
(b) Λ is wild.
(c) For each n ≥ 2, there exist irreducible morphisms h1 : X1 → X2, . . . , hn : Xn → Xn+1 between indecomposable objects in
Λ, such that the composites hn−1 . . . h1 /∈ ℜn(X1, Xn), hn . . . h2 /∈ ℜn(X2, Xn+1) and 0 ≠ hn . . . h1 ∈ ℜn+1(X1, Xn+1).
Proof. Assume that (a) holds. Then, by [7, Theorem 2.2] there exist an almost split sequence 0 → X f→ Y g→ Z → 0
in modΛ and a morphism ϕ ∈ ℜ2(Y , Y ) such that gϕf ≠ 0. It follows using the equivalence stated in [5], HomC(T ,−) :
C/add τT → modΛ, and [5, Proposition 3.2], that the almost split sequences in C/add τT ≃ modΛ are induced by the
Auslander–Reiten triangles in C.
Moreover, by [17], these Auslander–Reiten triangles come from Auslander–Reiten triangles inDb(H),
X f→ N g→Z →X[1]. (*)
If N has a direct summand isomorphic to a direct summand of T and not isomorphic to Y then (*) is of the formX f→ Y ⊕ (⊕ti=1τTi) g→Z → X[1] and there is a non-zero morphismϕ = (ϕij)i,j,ϕ ∈ ℜ2(Y ⊕ (⊕ti=1τTi),Y ⊕ (⊕ti=1τTi))
in Db(H) such that gϕf ≠ 0. This triangle belongs to a non-directed component, since there is a non-isomorphism
from Y to Y . We also claim that it is not in a stable standard tube. In fact, if that is the case, note that ϕ ≠ 0 impliesϕ /∈ ℜ∞(Y ⊕ τTi,Y ⊕ τTi). Then there is a natural number s such thatϕ ∈ ℜs(Y ⊕ τTi,Y ⊕ τTi)\ℜs+1(N ⊕ τTi,Y ⊕ τTi).
By [1] we know thatϕ can be written as a finite sum of a composite of irreducible morphisms.
Assume that there is a non-isomorphismϕ22 : τTi → τTi such that g1ϕ22f1 ≠ 0. If the rank of the tube is r = 1 then
Hom(Ti, τTi) ≃ Ext1(Ti, Ti) ≠ 0, a contradiction to the fact thatTi is a summand of a tilting objectT . If r > 1, sincegϕf ≠ 0
then ℜ2r+2(X, τ−1X) ≠ 0. Taking into account the mesh of a tube, we infer that ℜ2n−2(Ti, τTi) ≠ 0. But again, this is a
contradiction to the fact that Hom(Ti, τTi) ≃ Ext1(Ti, Ti) ≠ 0. Then, g1ϕ22f2 = 0.
On the other hand, g2ϕ11f1 = 0, since otherwise as any path from X to τ−1X passing through Y is equal to a path from X
to τ−1X passing through τTi then Hom(Ti, τTi) ≃ Ext1(Ti, Ti) ≠ 0, a contradiction.
With a similar argument to that above we conclude that there are no morphismsϕij with i ≠ j, i, j = 1, 2 such thatgϕijf ≠ 0. Then,gϕijf = 0.
The remaining possibility is thatϕ = ϕ11 : Y → Y , withX and τ−1X belonging to the mouth of the tube. Using the
additive function, we see thatgϕf = 0. Now, since there exists such a triangle in Db(H) it has to be in a component of type
ZA∞. Then H is wild and by Lemma 5.1,Λ is wild, proving the implication.
(b) then (c). Assume that Λ is wild. Then, by Lemma 5.1, H is wild. By Theorem 4.3, we know the existence of infinitely
many components of type ZA∞ such that for each of them and for each n ≥ 2 there exist irreducible morphisms h1 :
X1 → X2, . . . , hn : Xn → Xn+1 between indecomposable objects in Λ, such that the composites hn−1 . . . h1 /∈ ℜn(X1, Xn),
hn . . . h2 /∈ ℜn(X2, Xn+1) and 0 ≠ hn . . . h1 ∈ ℜn+1(X1, Xn+1).
Since τT has only finite indecomposable direct summands then we can consider a component not containing direct
summands of τT . We conclude using the equivalence HomC(T ,−) : C/add τT → mod Λ (see [5, Proposition 3.2]).
(c) then (a) straightforward. 
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